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Diffusion Problem

Our objective is to solve the diffusion problem in the mixed form

Klu+Vp=0 inQcR?
V-ut+cp=1f inQ,

with boundary data

p=gp on dlp,
U'ﬁ:g/\/ on 89/\/.

Challenges:

@ The diffusion tensor K may sharply vary in Q and may be
discontinuous

@ We want to use general polygonal meshes, and
@ be able to handle material interfaces not aligned with the
mesh
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Mesh

(a) Macro-mesh §  (b) Multi-material cells

Moment-of-fluid interface reconstruction = reconstructed interface
may be discontinuous

Alexander Zhiliakov ASC(n) Method



Mesh

(a) Macro-mesh §  (b) Multi-material cells (c) MOF

Moment-of-fluid interface reconstruction = reconstructed interface
may be discontinuous
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Local Problem

Klu+Vp=0 inT,
Consider T € T : V-u+cp=Ff inT,
p=X\ ondT

J

Find trial functions (u, p) € Hgy, (T) x L2(T) such that

/K_1u~vdx/pv-vdx:/ Av-ndl,
T T aT
/V-uqu—i—/cpqu:/fqu
T T T

holds for all test functions (v, q) € Hgi, (T) x L% (T)
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Local Problem

Klu+Vp=0 inT,
Consider T € T : V-u+cp=Ff inT,
p=X\ ondT

Y

Discretization
Apply Mimetic Finite Difference

Method™

=

Minimesh 74 of T

*L. Beirao da Veiga, K. Lipnikov, G. Manzini
The Mimetic Finite Difference Method for Elliptic Problems

Springer 2014
ASC(n) Method
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Approximate Static Condensation

If one knows the pressure trace \ for each T € J, one can recover
the solution in . The idea is (i) to express external flux DOFs in
terms of trace DOFs (static condensation),

ext . T
u* =Elu =A;C- A —a,,

and (i) to get the system for trace DOFs by requiring weak
continuity of fluxes. Problem: we may have different number of
trace DOFs from T+ and T~

A

Alexander Zhiliakov ASC(n) Method 6/25




Approximate Static Condensation

e

Solution: approximate a pressure trace on F with a
polynomial \g € P" (F) described in terms of its (n + 1) moments

0 _ JeAsidl
)\F—T, /—O,...,n.
Here s; € P/ (F) is a fixed polynomial of degree i such

that s; Ly2 55, j <1
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ASC(n): DOFs and Constraints

DOFs

Constraints

\

Now we express trace DOFs on minifaces of 7 via coarse trace
DOFs = (n+ 1) moments on each baseface of T,

Ar=R; AT =
u2t = A, C, R, AT —

and close the system by requiring weak continuity of normal
fluxes on each base face

/u]7—+~ﬁs,-d/:/u\7—~ﬁs,-dl, i=0,...,nfor F € Fint
F F

Express fluxes in terms of traces = get SLAE for coarse trace
DOFs

Alexander Zhiliakov ASC(n) Method
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ASC(1) DOFs

Ay AT A0y AP

A0(m)

F Ay AP F A0y Al
() 110000 0y /O Here s;; = S|gr.1efi distance .
A2(7) 15120 000 0) b7 between jth mini-face and ith
A13(7T) 153000 0 0 by .

A2i(7) 00 1500037 macro-face centroids. For
do(r) [ =00 1500 0f | A . .
| |00 im0 kg‘”(ﬂ ASC(0) the matrix R is as on
31\ T S31 . -
Xaa(7) 0000 Lsp0 A?1)(7) the left with rows containing sj;-s
a1 () 0000001 >\4°)(T) ..
e — \—R’,—/‘_X\'—’ eliminated.
Ap= = 7=
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ASC(1) System Assembly

/U‘T+'ﬁ5id/:/u‘T7~ﬁS,’d/, i:O,...,nforFGQ";nt
F F

4
n=0: Z ext(f)‘f|+ Z eXt(f)|f‘70
fefe(TT) fefp(T7)
n=1: ext f)/sldl—f— Z ext /sldl—O
fe/F(T+ Fef (T £
¥
(RT+ C. ue:i) + (RL C, - ufi)_ =0, me{0,1}
i+m Jj+m
4
T T _
( (R,.+ C.+A +C+ R.,.+) )‘T+)i+m + ( (R_’_, C.-A -C_- RT_) AT_)j+m =
ST+:: ST— =
(Rz.—+ C7.+ ar+ )i+m + (RZ, C_rf a,— )j+m
ST+ Sr—
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ASC(1) System Assembly

/U‘T+'ﬁ5id/:/u‘T7~ﬁS,’d/, i:O,...,nforFGQ";nt
F F

4
n=0: > uEOII+ D ut(Ifl=0,
FEI(T+) FErR(T™)
n=1: u( f)/sldl—f— Z ust /sldl_o
fe/F(T+ Fefe(T) f
4
(RT+ C. ue*t) + (RL C, - ufi) =0, me{0,1}
i+m Jj+m
4
Sy = > N7SrN7, Global system:
TeT
s7=» Nrsr, Sg Ay = sz
TeT
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ASC(1) System Assembly

Sy = Z NTSrN7, Global system:
TeT

57=ZN¥ST, Sq Ay = sg
Tes

@ Theorem: system matrix Sg is sparse and SPD for ASC(0)
and ASC(1)

@ Hence efficient solvers and preconditioners are available (e. g.
CG + Algebraic Multigrid)

@ Once we obtain Ag, we recover pressure and flux DOFs in
each cell T € T (this may be done in parallel)

Alexander Zhiliakov ASC(n) Method 11/25



ASC(1): Algebraic Robustness (1 /2)

Figure: w := width of the left minimesh cells

(c) w=.001

We solve the diffusion problem w/ K = k1, k =1 on the left part
and .1 on the right. Exact solution is piecewise linear
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ASC(1): Algebraic Robustness (2 /2)

Figure: Condition Numbers of ASC(0) / ASC(1) Matrices

108
w KASC(0) RASC(1) EASC(l) 1
10T 41.0 1730 41.0
102 45.2 2817 45.1 10t + Kasc (1) (W)
103 48.3 16391 48.3 — . ow™)
10~ % 49.0 152325 49.0
10~° 49.1 1.5 x 108 49.1 .

KAsc(o) does not depend on w, and Kasc(y) is proportional to wl.

However, if we remove 3 smallest eig values (corresponding to 3 int
MM faces), we will have &asc(1) = Kasc(o)- Starting from some
iteration CG behaves like extreme eig values are not present; that
is, several small eig values is not a problem
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If the base mesh consists of triangles + we have no material
interfaces, ASC(n) boils down to Mixed-Hybrid Raviart—Thomas
FEM:

Ju—upllr2@) < chllullm )
P — PrllLa) < ¢ (h pllE (o) + h? P20 ) .

That is, we cannot expect ASC(n) convergence to be better than
linear. We define discrete L>-norm

Ivllez@) = [IPn vilLe@) < lIvliLz),

where P}, := L?-projection operator on the space of piecewise
constant functions on each cell T € J (oroneach 7€ 7if T is a
MMC)
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ASC(0) — ASC(1): Motivation

(a) llp — pallrz(q) = 6.38 x 1072 (b) [P = pallre) = 6.41 x 1072

Here K; = K; and the exact soln is linear. ASC(0) produces errors
due to const trace approximation, and ACS(1) recovers the exact

soln

Alexander Zhiliakov ASC(n) Method



Piecewise Linear Solution (1 /2)

We solve the diffusion problem on the sequence of square meshes
w/ K = kl, k=1 on the left part and .1 on the right. Exact
solution is piecewise linear

-

(a) Exact soln, p

(b) Materials

Alexander Zhiliakov ASC(n) Method 16 /25



Piecewise Linear Solution (2 /2)

h eéz Pp € e{;z Pu
= | 35x107t || 7.3x 107! 4.8 6.6 x 107!
J 88x102 [ 16x10" | 11 1.2 3.5 x 1071 | 0.46
< 122x102[|37x102] 1.1 |34x10°! || 1.3x10°! | 0.71
55x1073 | 89x1073| 1.0 [ 7.9x 1072 || 41 x 1072 | 0.83
h eéz Pp e,° eff Pu
[ 35x107! || 2.5 x 1072 29x 1071 || 4.6 x 1072
Q’ 88x1072 | 1.9x1073| 184 | 6.6 x1072 || 2.0x 1072 | 0.6
< [22x102 [ 1.6x107% | 179 | 43x1072 | 55x 1073 | 0.93
55x1073 | 1.3x 107> | 1.80 [ 2.0 x 1072 || 1.3x 1073 | 1.

Alexander Zhiliakov

ASC(n) Method
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Piecewise Quadratic Solutions w/ 2 Materials (1 /3)

We solve the diffusion problem on Voronoi meshes w/ K = k1,
k = 1 outside the circle and .001 inside. Exact solution is pw
quadratic. We compare convergence of ASC(0) and ASC(1)

(a) Exact soln, p

Alexander Zhiliakov ASC(n) Method 18 /25



Piecewise Quadratic Solution w/ 2 Materials (2 / 3)

h e£2 Pp eso 22 Pu
30x10°! || 24 x10°° 63x10°! || 6.9x107°
S| 15x107t | 65x107* 20| 70x10°|36x10°| 0.9
g’ 81x102 [ 26x107*|14]32x1073] 34x10"°] 0.09
< | 42%x1072 || 1.4x107* [ 09 | 23x107% | 21x 10> | 0.73
21x102 [[37x10° [ 19| 11x10° || 1.1x107° | 0.93
10x1072 [ 27x10°] 04 | 86x10 % 65%x10°° | 0.75
h ef Pp ey’ ef,/2 Pu
30x10°! || 24 x 1073 21x103 || 1.2x107*
S| 15x107t [ 70x107* [ 19| 13x10 2 || 6.5x107° | 0.88
5,7 81x102[[23%x107%]18]68x10*% [ 30x107°|1.25
< [ 42x102]68x10°]18[32x10% [ 14x10° 116
21x1072 [ 20x10° [ 18] 11x10* | 50x10°° ] 1.48
10x1072 | 54x10° 19| 33%x10° || 22x10° | 1.18

We observe a jump of co-error of ASC(1) at h= 1.5 x 107!

Alexander Zhiliakov
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Piecewise Quadratic Solution w/ 2 Materials (3 / 3)

h=15x10"1: This exam-
ple shows that ASC(1) co-norm
may be sensitive to geometry er-
rors. However, it does not affect
(2-convergence

(c) ASC(1), pn
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Piecewise Quadratic Solution w/ 3 Materials (1/2)

We solve the diffusion problem on triangular meshes w/ K = k|,
k =1 outside the ring and .001 inside. Exact solution is piecewise
quadratic

(a) Exact soln, p
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Piecewise Quadratic Solution w/ 3 Materials (2 /2)

h eL Pp ep°° s h & Pp e:o

3.0x 10T 45 17 E[30x10 ¢ 4.9 17

S [25x10 ¢ 45 17 o [25x10° ¢ 5.0 17
% [[13x10 ¢ 40 17 % [ 13x10 1T 49 17
< 83 x 102 a4 17 £ [B3x102 47 7
6.7x10 % [| 7.1x10 ! 4.9 Z [ 67x1072 4.4 16

43 x 10~ 45x10 1 [ 12 5.0 4.3 x 10~ 9.7x10 1 [ 35 5.7

h el Pp epOQ 5 h egz Pp e:;o

3.0 x 10~ T 45x 101 35 E[30x107" 2.3 15

= [25x10 ¢! 2.6 x 10! 3 2.7 T [25x% 10~ 1 1.7 1.6 16
3 1.3 x 10~ T 92x10°° | 15 6.2 x 101 s [ 13x107"T 73x10°1 [ 12 12
< [83x10 2 48x10 2 | 16 8.3 x 10 T E [ 83x107 48x 101 [ 1.0 12
6.7 X 102 2.8x 102 | 25 2.3 x 10~ T [ 67x10 72 3.4x10 1 [ 16 9.4

4.3 x 102 1.0x 102 | 23 6.3 x 102 4.3 x 10~ 1.6 x10 1 | 17 8.2

Before h = 6.7 x 1072 we have cells / faces with 3 materials, and after
this mesh level we have only 2 material MMCs

Alexander Zhiliakov ASC(n) Method 22/25



Unsteady Problem (1/2)

We solve the unsteady diffusion problem on Voronoi meshes w/

K = kI, kK =.002 inside the ring, 10 in the inner disk, and 1
elsewhere. We set gp = 1 on the left bndry and 0 on the right; top
and bottom bndries are insulated. Equilibrium state is p =1

— t=0.13

t=025
— t=125
— t=250
— t=5.00

00 02 04 06 08 10

(b) Cuts p.((x,0.5),t) of the ref soln

(a) Conforming (super)mesh
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Unsteady Problem (2 /

(a) Reference (b) Arithmetic homo. (c) Harmonic homo.
(d) ASC(0) (e) ASC(1) (f) ASC(0, 1) difference

Comparison of the discrete solutions ps, h = 1.5 x 1071, t = 1.25 (play)
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Results:
@ ASC(n) is able to efficiently handle unfitted material interfaces
o 2" order (?-convergence for ASC(1)

o Effective condition number seems to be uniformly bounded
w.r.t. an interface position

The underline matrix is SPD and sparse; its pattern does not
depend on mini meshes

@ A.Zhiliakov et al. A higher order approximate static
condensation method for multi-material diffusion problems,
2019 (JCP preprint)

TODO List:

@ Anisotropic diffusion: homogenization is not applicable; what
about ASC(n)?
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